We characterize Cayley graphs of abelian groups which admit a nowhere-zero 3-flow. In particular, we prove that every k-valent Cayley graph of an abelian group, where k 4, admits a nowhere-zero 3-flow.
Introduction
The study of nowhere-zero flows on graphs was initiated by Tutte in his seminal papers [10, 11] . Among other things, Tutte proved that a graph admits a nowhere-zero k-flow if and only if it admits a nowhere-zero A-flow for some abelian group A of order k. Moreover, Tutte conjectured that there is a positive integer k such that every bridgeless graph admits a nowhere-zero k-flow. (Note that a graph admitting a nowhere-zero flow cannot have bridges.) His conjecture was proved with k = 8 independently by Kilpatrick [5] and Jaeger [3, 4] . This result is now superseded by the 6-flow Theorem of Seymour [8] . The question whether k = 5 satisfies the condition in the conjecture remains to be answered and is known as the 5-flow conjecture. Since the Petersen graph is bridgeless and has no nowhere-zero 4-flow, the number k = 5 is the best possible. Avoiding the peculiarity of the Petersen graph Tutte posed his 4-flow conjecture saying that every bridgeless graph with no Petersen minor admits a nowhere-zero 4-flow. He also posed the so-called 3-flow conjecture, claiming that every bridgeless graph without 3-edge-cuts admits a nowhere-zero 3-flow.
Jaeger [3, 4] further showed that every 4-edge-connected graph admits a nowhere-zero 4-flow. Together with the well-known fact that any vertex-transitive graph of valence k is k-edge-connected, this result immediately implies that every vertex-transitive graph of valence at least 4 admits a nowhere-zero 4-flow.
More recently, Alspach et al. [1] proved that every Cayley graph of a solvable group (of order greater than 2) admits a nowhere-zero 4-flow. The crucial cubic case of their result was improved by Nedela and Škoviera [6] extending it to a broader class of Cayley graphs, and by Potočnik [7] by generalizing it to graphs which admit a vertex-transitive action of a solvable group (excluding the Petersen graph).
All these results give an incentive to a further investigation of the interplay between the symmetry properties of graphs and the existence of nowhere-zero k-flows. In this paper we will be dealing with Tutte's 3-flow conjecture restricted to Cayley graphs of abelian groups. The main result of this paper is the following theorem. As a consequence of this theorem we obtain that a Cayley graph of an abelian group admits a nowhere-zero 3-flow if and only if it is of valence 2 (and thus isomorphic to a disjoint union of cycles), of valence 3 and bipartite, or of valence greater than 3 (see Corollary 3.1). In the last section we investigate the case of Cayley multigraphs, and show that the above result applies to them as well.
We conclude the introductory section by giving several relevant definitions needed later. The vertex-set and the edge-set of a graph X will be denoted by V (X) and E(X), respectively. The path and the cycle on n vertices are denoted by P n and C n , respectively, and the (multi)graph consisting of two vertices connected by k parallel edges is denoted by k .
A graph X is vertex-transitive if its automorphism group acts transitively on the vertexset of X. Given a group G and a subset S of G − {1} such that S −1 = S, a Cayley graph Cay (G; S) of the group G with symbol S is the graph with vertex-set G and edge-set {{g, gs} | g ∈ G, s ∈ S}. Note that such a graph is connected if and only if S generates G. Nevertheless, in this paper we allow Cayley graphs to be disconnected.
A dart is an edge endowed with an orientation. The set of all darts of X will be denoted by D(X), and the set of all darts with initial vertex u will be denoted by D (u) . By x −1 we denote the inverse of a dart x, that is, the same edge but with the opposite orientation.
Let A be an abelian group with additive notation. A function f : D(X) → A is an A-flow on X if the following two conditions are satisfied:
If f (x) = 0 for each dart x, f is called a nowhere-zero A-flow on X. A Z-flow which takes values in {±1, . . . , ±(k − 1)} is called a nowhere-zero k-flow.
Auxiliary results
In this section we prove several results concerning the existence of nowhere-zero flows on graphs to be used later in the proof of Theorem 1.1. We use two general techniques. The first technique employs decomposition of graphs. Proof. It is well known (and easy to see) that a graph admits a nowhere-zero 2-flow if and only if all its valences are even, and that a cubic graph admits a nowhere-zero 3-flow if and only if it is bipartite (see [2] ). Since a nowhere-zero k-flow is at the same time a nowherezero (k + 1)-flow, all subgraphs constituting the decomposition of X admit a nowhere-zero 3-flow. Therefore so does X. Proof. Let X be a bipartite r-valent graph. The statement is obviously true if r is even. If r is odd, we use a well-known result of König to decompose the edge-set of X into r 1-factors. The union of any three of them induces a cubic bipartite graph, while the rest can be decomposed into cycles. The result now follows from Lemma 2.1.
The second technique is lifting of flows along a covering projection. Recall that a covering projection f : X → X of graphs X and X is a graph epimorphism which for each vertex u of X maps the edges incident with u bijectively onto the edges incident with f (u). In this case we call the graph X a cover of the graph X .
Clearly, if X is endowed with a nowhere-zero A-flow (in particular, a k-flow), then can be lifted to a nowhere-zero A-flow on X simply by letting (x) = (f (x)), x being any dart of X. This simple fact sums up to the following proposition.
Proposition 2.3. Let f : X → X be a covering projection and let A be an abelian group. If the graph X admits a nowhere-zero A-flow, then so does the graph X.
Suppose now that X = Cay (G; S) is a Cayley graph, H a normal subgroup of G, and
We can now construct the Cayley graph Cay (G/H, S/H ), provided that the set S/H does not contain the identity of the group G/H (that is, provided S ∩ H = ∅). In this case the quotient homomorphism f naturally extends to a graph homomorphism f : Cay (G; S) → Cay (G/H, S/H ). In general, this homomorphism may fail to be valence preserving, as some of the generators in S may collapse into the same element in G/H . This is the case if and only if H ∩ {s −1 t | s, t ∈ S, s = t} = ∅. We summarize the above in the following lemma.
Lemma 2.4. Let Cay (G; S) be a Cayley graph, and let H be a normal subgroup of G satisfying the following conditions:
(i) S ∩ H = ∅; (ii) H ∩ {s −1 t | s, t ∈ S, s = t} = ∅.
Then the Cayley graph Cay (G; S) is a cover of the Cayley graph Cay (G/H ; S/H ).
In the rest of this section we will construct nowhere-zero 3-flows in some particular Cayley graphs. All of these graphs are cartesian product graphs. The cartesian product X Y of two graphs X and Y is defined on the vertex-set Proof. Let X = C m C n K 2 . If one of m and n, say m, is even, we remove the edges in X which correspond to the layers of C n . The remaining graph consists of n vertex disjoint copies of C m K 2 . Since the latter graph is cubic and bipartite, Lemma 2.1 now implies that X admits a nowhere-zero 3-flow.
We may therefore assume that both m and n are odd numbers. Let us call the two copies of C m C n in X the 0-layer and the 1-layer. The vertices in each of these layers will be labelled by (x, y), where x ∈ Z m , y ∈ Z n , so that the vertices with the same label, but in different layers, are adjacent.
We shall now remove the edges of appropriately chosen edge-disjoint cycles in X so that the remaining graph X will be cubic and bipartite.
First, in each of the two layers we remove the edges of the 4-cycles induced by the vertices (0, j), (1, j) , (1, j + 1) and (0, j + 1), where j = 1, 3, . . . , (m − 2). Then in each i-layer (i ∈ Z 2 ) we construct a path P i containing the following edges:
Let C be the cycle consisting of the edges of P 0 , of P 1 , of the edge connecting both vertices labelled by (0, 0), and of the edge connecting both vertices labelled by (m − 1, n − 1). Finally, from the remaining graph we remove the edges of C to obtain X . Clearly, X is cubic. We show that it is also bipartite. Let A i be the subset of the vertex-set of the i-layer Proof. In the graph C(m, n), let C = x 0 x 1 · · · x m−1 x 0 be the "outer" cycle, and letC arise from C(m, n) by removing the edges of C. We will call the edges from C andC m-edges and n-edges, respectively. Note that if gcd(m, n) = 1, thenC comprises more than one cycle.
Set
If m is an even number, then we can decompose X into a 2-factor (induced by the n-edges) and a bipartite 3-factor (induced by the remaining edges), and the result follows from Lemma 2.1. So, we assume that m is odd. Since C(m, n) is isomorphic to C(m, m − n), we can also assume that n is odd.
In both layers of C(m, n) in X let us split each x i into two vertices x i and x i . For i / ∈ {0, n} distribute the edges at both copies of x i so that the vertex x i is incident with the m-edges and the K 2 -edge, and the vertex x i is incident with the n-edges. At x 0 , partition the edges so that x 0 is incident with the m-edge from x m−1 and with the K 2 -edge, while x 0 is incident with the m-edge from x 1 and with both n-edges. At x n , let x n be incident with the m-edge from x n+1 and with the K 2 -edge, and finally let x n be incident with the m-edge from x n−1 and with both n-edges. Denote the resulting graph by X .
The component of X which contains the vertices x n , x n+1 , . . . , x m−1 , x 0 from both layers is isomorphic to P m−n+1 K 2 . The latter graph is a subdivision of a cubic bipartite graph, so it admits a nowhere-zero 3-flow. Since n is an odd integer, the component of X which contains the vertices x 0 and x n (and also x 1 , x 2 , . . . , x n−1 ) has an even number of K 2 -edges, and so is a subdivision of a bipartite cubic graph too. If gcd(m, n) = 1, the graph X also has components which are cycles entirely consisting of n-edges. Again, Lemma 2.1 shows that X admits a nowhere-zero 3-flow. A nowhere-zero 3-flow on X is now obtained from such a flow on X by identifying each x i with the corresponding x i into x i . 
Proof of Theorem 1.1
Let X = Cay (G; S) be a Cayley graph of valence at least 4 of an abelian group G. We want to prove that X admits a nowhere-zero 3-flow. Since every graph with vertices of even valences admits a nowhere-zero 2-flow, we may assume that X is an r-valent graph with |S| = r 5 being an odd integer. Moreover, since the connected components of a disconnected Cayley graph of a group G are Cayley graphs of a subgroup of G, we can assume that X is connected, and therefore that S is a generating set of G.
Let F be the set of edges of X induced by two involutions or by a generator of order 3. Then F is a 2-factor of X. If X − F admits a nowhere-zero 3-flow, then so does X. It is therefore sufficient to prove the theorem for r = 5. As non-involutory elements of S come in pairs, the number of involutions in S is odd.
Assume first that S consists of 5 involutions, S = { 1 , 2 , 3 , 4 , 5 }. Then at least one of the involutions 3 , 4 , 5 , say 3 , is not contained in the group 1 , 2 . But then the graph obtained from X by deleting the 4-cycles generated by 4 -edges and 5 -edges is cubic bipartite (being isomorphic to a disjoint union of 3-cubes Q 3 ). So X admits a nowhere-zero 3-flow by Lemma 2.1.
Assume now that S contains 3 involutions 1 , 2 , 3 and two elements c and c −1 of order s 3. If the 3 involutions generate the group isomorphic to Z 3 2 , then the existence of a nowhere-zero 3-flow in X follows similarly as in the previous paragraph: we simply delete the c-edges to obtain a bipartite graph isomorphic to a disjoint union of cubes Q 3 . We can thus assume that each of the three involutions is the product of the other two, and that the graph induced by the 1 -edges, 2 -edges and 3 -edges is isomorphic to a disjoint union of the complete graphs K 4 . The structure of X now depends on the mutual position of the subgroups c and 1 , 2 , 3 in G. If they intersect trivially, then X is isomorphic to the cartesian product K 4 C s , which admits a nowhere-zero 3-flow by Proposition 2.7. The other possibility is that c contains one of 1 , 2 and 3 , say 3 . Then s is clearly even, and the graph induced by 1 -edges and c-edges is isomorphic to the prism K 2 C s . Since the latter graph is cubic and bipartite, the existence of a nowhere-zero 3-flow on X now follows from Lemma 2.1.
We are now left with the case where S contains only one involution. That is, S = {c, c −1 , d, d −1 , }, where is the involution and c and d have respective orders s, t 3. As G is an abelian group of even order, it contains a normal subgroup N of index 2. We shall consider several cases with respect to the intersection S ∩ N . Note that |S ∩ N | 4 because X is connected. In most of the cases we will find a 2-factor F in the graph X such that the cubic graph X − F obtained from X by deleting the edges of F will be bipartite; the existence of a nowhere-zero 3-flow on X will then follow from Lemma 2.1.
Case 1: If |S ∩ N | = 0, then the graph is bipartite and admits a nowhere-zero 3-flow by Corollary 2.2.
Note that in this case the respective orders s and t of elements c and d in G are even. At every vertex x of X, consider the 4-cycle whose edges are {x, xc}, {xc, xc }, {x, x } and {x , xc }. All these 4-cycles constitute a 2-factor F with X − F being cubic and bipartite.
Case 3: If |S ∩ N | = 2, we may assume that S ∩ N = {c, c −1 }. It follows that set F of all c-edges in X forms a 2-factor of X such that X − F is cubic and bipartite. 
Nowhere-zero 3-flows of Cayley multigraphs
The concept of a nowhere-zero flow does not require the supporting graph to be simple. This is our motivation to extend Theorem 1.1 to Cayley multigraphs, that is, Cayley graphs Cay (G; S) where the symbol S is a multiset containing each element s with the same multiplicity as its inverse s −1 . Moreover, we will allow the symbol S to contain the unit 1 of the group G. The Cayley multigraphs defined in this way may contain multiple edges as well as loops.
Denote by C (2) n the graph constructed from the cycle C n by doubling every edge. Thus, C (2) n is a 4-valent graph with each edge of multiplicity two. If n 4 is an even number, then let C * (n, n/2) be the graph obtained from C (2) n by connecting any two antipodal vertices.
We need the following lemma.
Lemma 4.1. For each even n 4 the graph C * (n, n/2) admits a nowhere-zero 3-flow.
Proof. If n = 4k + 2 for some k, then C * (n, n/2) is a bipartite 5-valent graph, and it admits a nowhere-zero 3-flow by Corollary 2.2. Otherwise, n = 4k for some k. We now decompose C * (n, n/2) into 2k copies of 2 and k copies of 2 K 2 and apply Lemma 2.1 to conclude that C * (n, n/2) admits a nowhere-zero 3-flow. Proof. Note that X admits a nowhere-zero 3-flow if and only if the graph obtained from X by removing all its loops admits a nowhere-zero 3-flow. So we may assume that X is loopless. We may also assume that X is connected. It is well known if X is of valence 1 or X is non-bipartite cubic graph, then X has no nowhere-zero 3-flow. Further, if X is of even valence, then it does admit a nowhere-zero 3-flow. So, assume that X has odd valence. As in the proof of Theorem 1.1, we may assume that X is of valence 5. This implies that the symbol S contains at least one involution, say .
Let be the maximum multiplicity of an edge in X (or generator from S). If = 1, then X is a simple graph, and the proof follows by Theorem 1.1. Now, we consider the following cases:
Case 1: If = 2, we first assume that is an involution of multiplicity two in S. If there exists c ∈ S which is not an involution, then X can be decomposed into cycles induced by the edges of c and copies of 2 K 2 , and the result follows. Otherwise, all elements of S are involutions, which implies that X isomorphic to C(4, 2) or C * (4, 2). Note that both graphs admit a nowhere-zero 3-flow.
Assume now that c ∈ S is of multiplicity two and c is not an involution. Then X is isomorphic to C * (n, n/2) or C (2) n K 2 for some n. By Lemma 4.1 and Proposition 2.6 these graphs admit a nowhere-zero 3-flow.
Case 2: If = 3, then X can be decomposed into cycles (possibly of length 2) and copies of 3 ; the result follows.
Case 3: If = 4, then X can be decomposed cycles and copies of 3 as in Case 2. Case 4: Finally, if =5, then X is isomorphic to 5 , which clearly admits a nowhere-zero 3-flow.
